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SERRE MULTIPLICITY AND HODGE THEORY
MOHAMMAD REZA RAHMATI
Abstract. In this note I try to explain positivity of intersection multiplicity by
Hodge theory context and also Mukai pairing.
Introduction
In 1950’s J. Serre generalized the definition of Intersection multiplicity (due to
Samuel) of two finitely generated modules over a regular local ring A as an Euler
characteristic, namely Tor-formula. He proved the non-negativity of this Euler char-
acteristic in several special cases that were enough for the purpose of geometers,
for instance in the case where the ring A is essentially of finite type over a filed or
a discrete valuation ring k. Serre conjectured the vanishing of multiplicity in non-
proper intersections, and its positivity in the proper case, for general regular local
rings, [S]. The vanishing part was proved by H. Gillet and C. Soule, [GS1], and also
independently by P. Roberts, [RO1].
Let A be a regular local ring, and M,N finitely generated A-modules such that
M ⊗A N has finite length. J. P. Serre [S], defines the intersection multiplicity as
(1) χA(M,N) :=
∑
(−1)il(TorAi (M,N))
He proves the basic fact that in this case dimM + dimN ≤ dimA, will hold and
makes the following question, known as Serre Multiplicity conjecture.
(1) If dimM + dimN < dimA, then χA(M,N) = 0
(2) In case dimM + dimN = dimA, called proper intersection, χA(M,N) > 0.
The positivity in general is still open. The condition, M,N both have finite
projective dimensions implies that the sums in (1) have finitely many terms. Also
the condition, M ⊗A N has finite length, implies, all the TorAi (M,N) and hence all
ExtiA(M,N) have finite length. This makes the former criteria meaningful. One
may explain the Euler characteristic in terms of projective resolutions. By a perfect
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A-complex we mean a bounded complex of finitely generated free (Projective) A-
modules. The support of such complex would be the closed subspace Supp(G•)
where the localization (G•)p has non-trivial homology. Then the dimension of the
complex is defined to be dimSupp(G•).
If E• and F• be free resolutions of the A-modules M,N (which may be taken to
be finite, by the regularity of A), then
(2) χA(M,N) = χ(E• ⊗ F•) = (−1)codim Mχ(E∗• ⊗ F•)
where the right hand side is the usual Euler characteristic of the complex E• ⊗ F•.
The latter makes sense for the complex is supported on the maximal ideal of A.
Let k be a commutative ring. The Hochschild homology and cohomology of an k-
algebra A are defined by, HHk(A) := Tor
Ae
k (A,A), HH
k(A) := ExtkAe(A,A), where
Ae = Aop ⊗k A. Note that in case A is commutative Aop = A. The Hochschild
homology and cohomology of a regular scheme is a sheafification of this definition
using the structure sheaves OX . The Denis trace map
(3) Den : K0(X)→ HH0(X)
would play the role of classical chern character, whose composition with Hochschild-
Konstant-Rosenberg homomorphism induces the usual chern character,
(4) K0(X)
ch→ HH0(X) HKR→
⊕
i
H i(X,ΩiX)
We only consider regular ringsA and regular schemes. Therefore, we haveHH•(A) =
HH•(perf(A)). Thus we identify the theory of Chern characters for K-theory of
sheaves or their perfect complexes. The H-K-R would be the isomorphism induced
by the map;
(5) b0 ⊗ b1 ⊗ ...⊗ br → 1
r!
.b0.db1 ∧ ... ∧ dbr
when X is smooth, [RA1]. The philosophy of Mukai-pairing is to modify ch, by cup
product with a class
√
tdX such that we obtain a homomorphism in Riemann-Roch
theorem.
1. Mukai Pairing
Let X, Y be complex manifolds, and let E ∈ Db(X × Y ). Let πX , πY be the
projections. Define the integral transform with kernel E by;
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(6) ΦEX→Y : D
b(X)→ Db(Y ), ΦEX→Y (.) = πY,∗(π∗X(.)⊗ E)
Similarly for µ ∈ H∗(X × Y,Q)
(7) ΦµX→Y : H
∗(X,Q)→ H∗(Y,Q), ΦµX→Y (.) = πY,∗(π∗X(.)⊗ µ)
called the integral transform in cohomology associated to µ. The association between
objects of Db(X × Y ) or H∗(X × Y ) is functorial. In order to relate the above two
functors we use chern character and Riemann-Roch theorem. The Riemann-Roch
theorem states that, if π : X → Y is a local complete intersection morphism;
(8) π∗(ch(•)td(X)) = ch(π∗(•)).td(Y )
This suggest to define the Mukai vector of E as follows,
(9) v : Db(X)→ H∗(X,Q), v(.) = ch(.).
√
td(X)
We have td
1/2
X ∈
⊕
i
H i(X,ΩiX). Then the commutativity of the following diagram
is straight-forward;
(10)
Db(X)
ΦE
X→Y−−−−→ Db(Y )
v
y
yv
H∗(X,Q)
φ
v(E)
X→Y−−−−→ H∗(Y,C)
We will denote Φ∗ = Φ
v(E)
X→Y , where Φ = Φ
E
X→Y , and it satisfies the associativity and
functorial properties naturally. In case Φ = ΦEX→Y be an equivalence of categories,
Φ∗ = Φ
v(E)
X→Y would be an isomorphism, [CA1], [CA2], [CA3].
When X is a projective smooth manifold, the map Φ∗ does respects the columns
of Hodge diamond;
Φ∗ = φ
v(E)
X→Y :
⊕
p−q=i
Hp,q(X)→
⊕
p−q=i
Hp,q(X)
This is for, the class v(E) is a Hodge class. Lets define τ : H∗(X,C)→ H∗(X,C) by
(11) τ(v0, v1, ..., v2n) = (v0, iv1,−v2, ..., i2nv2n)
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and set,
(12) .∨ : H∗(X,C)→ H∗(X,C), v∨ = τ(v). 1√
ch(ωX)
For td(T∨X) = td(TX). exp(−c1(TX)) = td(TX).ch(ωX).
This operator can also be defined more generally on Hochschild homology. If X
is proper and smooth, There is a natural isomorphism HH•(X) ∼= HH•(perf(X)).
When Y is of the same type, an object Φ ∈ perf(X ⊗ Y ), may be considered as the
kernel of an integral transform perf(X)→ perf(Y ). Then we would have the induced
map
Φ∗ : HH•(X)→ HH•(Y )
Using Kunneth quasi-isomorphism ,we get a pairing
HH•(perf(X))⊗HH•(perf(X))→ HH•(perf(X ×X))→HH•perf(C) = C
Which is given by shuffle products, [RA1]. A non-trivial fact is that the above
induced map Φ∗ will become equivalent to the integral transform induced by Φ.
The Mukai Pairing can be generalized to Hochschild homology as
〈., .〉M : HH•(X)⊗HH•(X)→ C
called generalized Mukai pairing. Let ∆ : X → X × X be the diagonal. This
generalization can be easily written using the isomorphism
D : RHom(∆!OX ,∆∗OX) ∼= RHom(∆∗OX ,∆∗ωX)
where ∆!OX ∼= ∆∗ω−1X and ωX is the dualizing sheaf. Then, the Mukai pairing is
v ⊗ w → trX×X(D(v) ◦ w)
where tr is Serre duality trace. If
.∨ : HH•(X)→ HH•(X)
is the involution induced through H-K-R isomorphism by the similar one to be (−1)p
on Hq(X,Ωp), as defined before. Then we would have
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Theorem 1.1. [RA1] Suppose X is smooth, then
(13) 〈b∨, a〉M = 〈a, b〉, a, b ∈ HH•(X)
Moreover, the generalized Mukai pairing on the Hochschild homology of X satisfies
〈a, b〉M =
∫
X
I(a)∨I(b).tdX , a, b ∈ HH•(X)
where I is the H-K-R isomorphism.
The Euler pairing on K0(X) is defined by
χ(E ,F) :=
∑
i
(−1)i dimExtiX(E ,F)
Assume H∗(X) is equipped with the pairing
〈x, y〉 := (x ∪ y ∪ tdX) ∩ [X ]
Then the Riemann-Roch theorem states that, the chern character ch : K0 → H∗(X)
is map of inner product spaces. The same fact is true for Hochschild homology and
Denis trace map, where we have the compatibility of the two chern character by
H-K-R homomorphism, [CA1]. The chern character ch : K0 → HH0(X) is a map of
inner product spaces, in other words for E ,F ∈ D(X), we have
〈ch(E), ch(F )〉M = χ(E ,F)
A modification of Mukai pairing is to use the ΓˆX-class instead of the square
√
tdX .
Then we replace the Mukai vector by the vector
E 7→ (2πi)deg(.)/2 1
(2π)d/2
Γ(X) ∧ ch(E)
The cohomology class ΓˆX is defined via the identity
z
1−e−z
= eipizΓ(1 − x)Γ(1 + x)
used to share the two factors of
√
tdX with the other chern classes in the Mukai
pairing. It explicitly is given by the formula,
ΓˆX = exp(C.ch1(TX) +
∑
n≥2
ζ(n)
n
chn(TX))
where C = limn→∞(1 +
1
2
+ ... + 1
n
− ln(n)) is the Euler constant, ζ is the Riemann
zeta. Let’s write,
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H∗(X,Q)
d→ H∗(X,C) ΓˆX∧(•)→ H∗(X,C), d := (2πi)deg(.)/2 1
(2π)d/2
Previously, we defined the Mukai vector as ν(E) = ch(E) ∧ √tdX , and defined the
pairing
〈v, w〉 =
∫
X
v∨ ∧ w, v∨ := τ(v)√
ch(ωX)
This vector may also be more modified by setting
µΛ(E) := ch(E)
√
tdX . exp(iΛ)
where τ(Λ) = −Λ. Thus the former Mukai vector is the special case Λ = 0. Knowing
τ(tdX) = ch(ωX)tdX , and we would still have
〈µΛ(E), µΛ(F)〉 =
∫
µΛ(E)∨µΛ(F) =
∫
ch(E)∨ch(F).tdX
In this way the replacement for the square root of tdX is a multiplicative characteristic
class, namely complex Gamma class, [D], [HJLM],
ΓˆCX =
√
tdX exp(iΛX)
By the machinery introduced in the former Sections we may easily study the
positivity of Serre multiplicity over C. First we write the Serre-Cartan-Eilenberg
Euler characteristic as,
(14) χ(E ,F) =
∫
X
µ(E)∨ ∧ µ(F),
In this way we need to study the positivity of the right hand side using Riemann-
Hodge bilinear relations for pure Hodge structures on H∗(X,C). The positivity
of intersection multiplicity proved in [S], shows when Y and Z are projective sub-
varieties of X , then
(15)
∫
X
µ(OY )∨ ∧ µ(OZ) ≥ 0,
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2. Multiplicity question over arbitrary field
We explain two ideas regarding positivity, related to Hodge theory.
(1) Let X be a smooth projective variety /k of dimension d, and L an ample
divisor class. L acts on etale cohomology of X and by hard Lefschetz,
(16) Lj : Hn−j(X(k¯),Ql) ∼= Hn+j(X(k¯),Ql)
which implies
(17) Hn−j(X(k¯),Ql) = ⊕kLkHj−2k(X(k¯),Ql)prim
that induces a morphism
(18) Λ : Hj(X(k¯),Ql)→ Hj−2(X(k¯),Ql(−1))
such that for m ∈ Hj(X(k¯),Ql)prim, Λ(Lkm) = Lk−1.m, if k > 0 and 0 otherwise.
The standard conjecture B asserts that Λ is defined algebraically as the action of a
correspondence. If Aj(X) is the co-image of the cycle map
(19) cl : CHj(X)Q → H2j(X(k¯),Ql(j))
The standard conjecture A asserts that the morphisms
(20) Ln−2j : Ai(X) ∼= An−i(X), i < n/2,
are isomorphisms. This follows from Conjecture B, that says the Lefschetz decom-
position is compatible with Aj’s,
(21) Aj(X) = ⊕kLk.Aj−k(X)prim
The conjecture I asserts that the pairing,
(22) (−1)j〈Ln−2ja, b〉, a, b ∈ Aj(X)prim
is positive definite for j ≤ n/2. If we assume I, then A would be equivalent to D
stating the equivalence of numerical and homological equivalence for cycles on X ,
[SA]. By the Lefschetz decomposition we have an isomorphism,
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∗ : Hn+j(Xk¯,Ql)→ Hn−j(Xk¯,Ql)
such that for m ∈ H i(Xk¯,Ql)prim, we have
∗(Lkm) = (−1)i(i+1)/2Ln−i−km
Combined with Poincare duality this defines a pairing on H∗(X,Ql) defined by
(m, ∗n). For a non-zero correspondence λ ∈ An(X ×k X) ⊂ End(H∗(X,Ql)) we
consider the transpose λ′ w.r.t this pairing. Then, if the standard conjecture B and
I are satisfied,
χ = Tr(λ′ ◦ λ) > 0
The action of the correspondences always determine the pairing on the homologies,
by composing the action of diagonal ∆ with the product structure. In this way
the positivity of the above trace always implies positivity of the Mukai pairing and
therefore, the intersection multiplicity. This shows: If the Grothendieck Standard
conjecture I are satisfied then the intersection multiplicity χ(M,N) is strictly positive
on proper intersections for projective varieties /k, [SA].
3. Appendix: Grothendieck Standard Conjectures
We list the Grothendieck Standard conjectures, [CH], [GR]:
• A : Hard Lefschetz on cycles
(23) A(X) : .Ln−2k : CHr(X) ∼= CHn−r(X)
• B : Lefschetz type Standard Conjecture
(24) B(X) : ∗L : ⊕i,rH i(X)(r)→ ⊕i,rH i(X)(r) is algebraic.
• C : Kunneth type Standard Conjecture
(25) C(X) : πiX : H
•(X)։ H i(X) →֒ H•(X) is algebraic
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• D : Homological and numerical equivalence coincide
(26) D(X) : ∼hom,Q=∼num,Q
• I : Hodge type Standard conjecture
I(X): the Q-valued quadratic form α 7→ 〈α, ∗L(α)〉 on Z•hom(X)Q is positive
definite.
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